
down, and the pressure difference in the first region increases, this increase being more 
pronounced at the beginning of the heating process. 

NOTATION 

r, coordinate; t, time; T, temperature; P, pressure; 0, density; %, thermal conductivity; 
c, specific heat; a, thermal diffusivity; k, permeability; m, porosity; ~, viscosity; v, fil- 
tration rate; • , piezoconductivity; R(t), moving melting surface; L~, latent heat of fusion 
of solid phase; Tm, melting point; z, z,, z2, self-similar variables; B, YI, Y~, constants; 
A,, As, constants of integration; ~, u, auxiliary variables; a, mean specific heat; re, bore- 
hole radius; h, layer thickness. 

i. 

2, 

3. 

4. 
5. 

6. 

7. 
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SOME PROBLEMS OF HEAT- AND MASS-TRANSFER THEORY SOLVABLE 

BY MEANS OF LAPLACE TRANSFORMATION 

S. Ts. Koprinski UDC 536.24~ 

The solution of a system of heat- and mass-transfer equations is obtained in Laplace 
transforms; formulas for finding the inverse transforms are given. 

Consider the system of heat- and mass-transfer equations [i] 

au a~u ozv 

Ot a, + k~ , Ox 2 Ox 2 

Ov O2v O~u 
-- = ao - -  + ks - - ,  
Ot ~ Ox 2 Ox 2 

(1) 

where a~ > O; a2 > O; k~ > O; k~. > O; a,a,~ > k i k~ .  

It is required to find the solution of this system for which boundedness conditions are 
satisfied: u(x, 0 = 0(eX'O, %1>0; v(x, t)-~ 0 (e~9, X~>0; (0 ~<x<oo). 
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u(x, 0 ) = 0 ;  v(x,  0 ) = 0  ( 0 ~ < x <  oo) 
and boundary conditions of one of three forms: 

(2) 

u (o, t) = q~i (0, 
t, (0, t) = q,, (t), 

Ou (O, t) 
= r (0, Ox 

(3) 

a ,  (o, t) 
= ~, (0, 

Ox 

I Etu(O, 0 + Ft Ou (0, t) 
Ox = qh(t), Ft =/= 0, 

[ E,o (o, t) + F= Or, (o, 0 
Ox - ~'- (t), F==/= O. 

(4) 

(5 )  

Here ~t(0 and q=(0 are polynomials of arbitrary order (0 < t < =). 

Laplace transformation is now performed, and the resulting equation solved, taking 
account of Eq. (2) and the boundedness condition, to give 

u'(x, p) = Bi  e - ~  r + D i  e - ~  V-F~, 

F(x,  p} = B, e -o,  r  + /9 , .  e - "  v~x ,  

where 

F t" a t + ~ + 6  . V a t + ~ - - 6  . 
o i  = 2 (ata~--  k t ~ )  ' ~ = _ _  2 (a taz - -k tk  ~ " 

6 = V ( a t +  ~ ) z +  4 (ktk2 - -  a t e )  = ] / ( a t  - -  ~ ) z +  4 k t k z .  

The coefficients Be, Be, D,, and D= are expressed by the following formulas, in which either 
i - i, J = 2, or i = 2, J = i. 

For boundary conditions of the form in Eq. (3) 

Ill ] B= = ~ - ~  . (aj - -  a, -I- 6) ~,  (2) - -  k ,~  l (p), , 

, [ r  - ] D, = y (a, - -  a~ + 8) ~ (p) + k ~ j  0~) �9 

For boundary conditions of the form in Eq. (4) 

B, = crt8 (a~ - -  a j - -  8) 

D:= a,6 taj-- ai-- 6) 

qh('P) 2r_k t q~JCP) ] 
v 7  -VF-J ' 

~'(P) k, ~j (p) ] 
V7 Vp- J" 

For boundary conditions of the form in Eq. (5) 

B, = 1 [--~ (aj--ai+6) E r -  F ~ V " p  
~e,e~,,,,,, (v F - ~ ) ( V F -  ~) 

o,--- l [_~_ e,-p,~,V-~ 
~',e~o,,~,. (a,- a~+ 6) ( V F -  =) ( V F -  8) 

% (p) -- kl 

% (p) + k~ 

(VF-=) (VF- ~) 
Ei-- Ftot~IP" 

(V'F- ~) (VF- 8) 

~J(p) ] ' 

;J(P) I '  
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where 

q - -  V r  q q- V r  

1 

l[ ] r = - -  s -~ E,F~ + (E~F,--  E~Fo a~-- a____ t ~ 

' ~ ~+ 

1 [ -= ] a ~ .  ~- -~ (EIF~+ E2Ft)2-[ - (EIF=-- E2Ft) 2 (at -- a,) ~ -5 8k,k,  

It is not difficult to show that r > 0, so that a and 8 are real numbers. The exvres- 
sion (E~ -- F~o~ ~/[(~F-- =) 0/P - ~)] may be written in the form AJ(]/-p-- ~) -I- Bj(V'p'-- ~), 

m i 

where A i and B i are constants; in addition, ~(p) = ~ aivp v, azv are constants. There- 
V=0 

fore finding the solution u(x, t), v(x, t) reduces to calculating the inverse transforms of 
the following Laplace transforms: 

i) Fj~, k)=exp(--kVp)/p/+', ~0, ]=0, I, 2... for the conditions in Eq. (3); 

2) ~j(p, k)=exp(--kVp)/p , k~0: [----0, l, 2 .... for the conditions in Eq. (4); 

3)~j(p, k, V)---- exp(--kV~/[P i+I (~P~-?)], k~0; ?~&0; ] = 0, I, 2 .... for the conditions 

in Eq. (5). 

The following operational formulas may be used to calculate Fj (t, k), #j(t, k), and 
~j(t, k) 

where 

_ , J [  (J) 
p~ (p, k)-- ~j (t, k) = T.'~o (- I)~ 

ep,(p, k ) -  ~j (t, k) = ~ o  ( -  1) ~ 

~ ( p ,  k, .~)--~j (t, k, ~) 

= 1__~? 1 [ ,F,(t ,  k)--~, t_ ,  (t, k ) l +  
= ~(i-O 

(_~)2~+~ A+, (0], 

~" (i + i) 
(t, k, 

4~ ~ k, 2 
e 2~--I J~(t) = (2Z,-- i) k ~ - I  t~-I 4t J~--I (t); 

Jo(t) = eric ( 2 - - ~ T )  , ~( t ,  k,?)= 

k. '  

l - 4t---- '~' eh~'+~"t eric ( k ) =g e 2gr + gr ; 
h' 

d 1 4t ,~o It,/0= e ,~_, (t, k )=  dt 

I. 
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